The process of terahertz generation through optical rectification in a nonlinear crystal is modeled using discretized equivalent current sources. The equivalent terahertz sources are distributed in the active volume and computed based on a separately modeled near-infrared pump beam. This approach can be used to define an appropriate excitation for full-wave electromagnetic numerical simulations of the generated terahertz radiation. This enables predictive modeling of the near-field interactions of the terahertz beam with micro-structured samples, e.g. in a near-field timeresolved microscopy system. The distributed source model is described in detail, and an implementation in a particular full-wave simulation tool is presented. The numerical results are then validated through a series of measurements on square apertures. The general principle can be applied to other nonlinear processes with possible implementation in any full-wave numerical electromagnetic solver.
Introduction
The interaction of optical beams with nonlinear crystals can be exploited for the generation of terahertz radiation, for example through the processes of optical rectification [1] [2] [3] or difference frequency generation (DFG) [4, 5] . For both those nonlinear processes, the wavelength of the optical pump beams is commonly more than two orders of magnitude shorter than the wavelength in the band of the generated terahertz beam. In the case of optical rectification, which is the main focus of this paper and can be seen as a particular case of DFG, the short wavelength of the pump effectively allows the creation of a source with subwavelength dimensions for near-field terahertz microscopy [6] [7] [8] [9] .
Realistic models for these types of electro-optical sources are necessary to provide physical insight into the electromagnetic field distribution of the generated terahertz beam. Analytical methods describing nonlinear rectification [10] provide an invaluable basis for the physical understanding of the terahertz generation process. They are however only applicable for canonical shapes as the mathematical intricacies rapidly limit the geometrical complexity that can be handled theoretically. Therefore, numerical techniques which solve Maxwell's equations in discrete form need to be considered for general-purpose solutions in the near field, e.g. for the prediction of near-field interactions between a probing terahertz beam generated through optical rectification and micro-structured samples. In this case, the accuracy of simulated results is crucially dependent on the suitability of the terahertz source modeling.
Among the advanced numerical techniques in widespread application for full-wave electromagnetic simulations, the most prominent are the Finite-Integration Technique (FIT) [11] , the Finite-Difference Time-Domain (FDTD) method [12] , the Finite-Element Method (FEM) [13] or the solution of Integral Equations (IE) with the Method of Moments (MoM) [14] . All those methods are implemented as the foundation to powerful commercially available electromagnetic simulation tools. Despite inherent difficulties in implementation and validation of nonlinear material models, some of those numerical techniquesapplied in the time domainare in principle capable of handling nonlinear effects [15, 16] .
Most full-wave simulations require a discretizing grid (or mesh) with a cell resolution typically below a tenth of a wavelength (< /10)which must remain applicable across the whole frequency spectrum of interest. For optical rectification and DFG however, a difficulty arises because the pump beam and the generated wave have wavelength scales differing by orders of magnitudes. As a consequence, the discretization of large three-dimensional (3D) problems with a mesh suitable for both the pump beam and the generated beam is not feasible with reasonable computer resources. To illustrate this point, assuming a pump beam frequency 100 times larger than the generated beam frequency, a simulation of the terahertz beam including a full-wave description of the pump beam would increase the memory requirement by a factor of 100 3 , i.e. by a factor of one million, as compared to a simulation of the terahertz beam alone. An efficient alternative to full-wave simulations including all involved wavelength scales is provided by co-simulations, i.e. coupled treatment of separate specific models for pump beam and terahertz radiation. This is the approach chosen in this paper where an analytically modeled infrared (IR) pump beam provides the sources for fullwave terahertz wave simulations. Terahertz discretized sources are distributed inside the crystal and introduced onto a series of closely-spaced source planes, which re-create the 3D non-linear process inside the nonlinear medium. This scheme, which is based on the assumption of a weak influence of the terahertz beam onto the pump beam, provides an accurate model of the generated terahertz radiation, while effectively bypassing the full-wave nonlinear treatment in the generation process. Similar distributed source models have been previously employed for the analysis of terahertz traveling-wave photonic mixers using transmission line equations [17] .
In the second part of this paper, a specific implementation of the proposed spatially distributed excitation model is described for an electromagnetic simulation code based on a particular time-domain numerical technique, namely the Finite-Volume Time-Domain (FVTD) method [18, 19] . However, the underlying approach is general enough to be applied in conjunction with any other full-wave simulation technique.
As a practical validation example, the distributed source model is applied to the modeling of terahertz generation in a GaAs <100> crystal with sub-wavelength rectangular metallic apertures. The achieved agreement between simulations and experiments demonstrates the possibility of predictive numerical modeling for the generated terahertz beam, while taking into account the pump beam configuration, the velocity mismatch between the pump and the generated beam, as well as diffraction and refraction effects. Therefore, the scheme can be applied to support the optimization of near-field terahertz systems based on optical rectification or DFG.
Distributed Source Model

General source concept
The proposed distributed source modeling avoids the challenging and computationally expensive treatment of the entire nonlinear problem in a full-wave simulation. Instead, specific modeling approaches are used for the different wavelength scales involved in the nonlinear process: the propagation of the near-IR pump beam is efficiently computed using an analytical model or an asymptotic (optical) method, whereas the terahertz beam is modeled in full-wave electromagnetic simulations. Specifically in the present case, a pulsed Gaussian beam model obtained from paraxial approximation provides the near-IR pump transient transverse field distribution along the propagation axis, which is used to compute an equivalent source distribution for the full-wave terahertz model. To mimic the distributed nonlinear process inside the crystal, distributed sources are introduced in discrete form on closely spaced transverse planes. Each of these planes represents nonlinear generation in a thin crystal slice.
Equivalent sources in one of these transverse planes are defined similarly as introduced for the Gaussian aperture source model previously applied to optical rectification configurations, both in the far field [20] and the near field [21] . In those two papers, the terahertz wave generation was approximated as originating from a single aperture with a Gaussian profile located inside the crystal. This was demonstrated to qualitatively describe the behavior of the generated terahertz beam. However, that approach required finding an appropriate effective location for the Gaussian aperture in the crystal. The extension to distributed sources, as proposed in the present paper, is based on the (phased) superposition of terahertz radiated field contributions originating from a large number of Gaussian apertures distributed in the pump beam path. In contrast to a single Gaussian aperture, the present model is able to describe the generation process a priori, i.e. without requiring adjustment of any free parameter. Therefore, predictive modeling of a terahertz generation system in the near and far field can be accomplished provided that both the material parameters and geometrical configuration are accurately known. The remainder of this section describes the main features of the co-simulation approach, taking as example the terahertz generation through optical rectification in a 500 m thick GaAs crystal with <100> orientation, pumped with a pulsed near-IR beam.
Pump Beam Model
The pump beam is produced by a pulsed near-IR femtosecond fiber laser (Toptica), with a carrier free-space wavelength  0,pump = 1.55 m. The major features of the pump beam, which is used as input for the terahertz distributed sources, are described in the following and schematically depicted in Fig. 1 . Pump beam profile along the propagation axis. The near-IR pulsed beam can be accurately approximated spatially by a Gaussian beam field distribution, as described by the paraxial approximation [22] . In the considered system, the beam is focused on the GaAs crystal input surface with a waist (radius) of approximately w 0 = 25 m. The propagation model of this pulsed beam in the GaAs crystal needs then to take into account the refractive index of the medium, which according to [23] is equal to n IR = 3.3737 at the frequency of operation, while neglecting dispersion of the pulse. The main effect from a denser propagation medium on the Gaussian beam is an increase in the Rayleigh range, and a decrease in the beam divergence. This reduction of the off-axis scattering in a dielectric medium can be intuitively understood by considering the shortening of the wavelength in the dielectric crystal ,0 / IR IR n    . Consequently, a given beam waist, expressed in terms of the wavelength, becomes larger by a factor of IR n . In the GaAs crystal with a thickness D = 500 m, for the considered beam waist of 25 m, the increase of beam radius can be estimated (using standard paraxial formulas for Gaussian beams) to be around 0.2 m for a single pass through the crystal, and around 1.5 m for a three-way path, 3D = 1500 m, including two reflections. Considering that this beam radius variation is well within the waist measurement uncertainty, a constant Gaussian beam profile is assumed throughout the crystal length. It would be however straightforward to include any more significant variations of the beam radius into the model for cases where the beam divergence is more pronounced.
Pulse envelope attenuation. The near-IR pump beam is approximated as a single ultrashort impulse with a duration below 100 fs. Considering that the near-IR pulse shape is not critical to the model, it can be described as a delta-function impulse with power IR P . Along the beam path, the pulse is attenuated by losses and nonlinear conversion in the GaAs crystal. With an extinction coefficient  IR = 1.33•10 4 [23] for 1.55 m radiation in GaAs, an attenuation coefficient  IR = 537 Np/m is calculated. This corresponds to a damping of the power by a factor of 0.765 along the 500-m-thick GaAs crystal. The magnitude of this attenuation is confirmed experimentally through direct power measurement before and after the crystal. This independent measurement indicates an approximate power reduction by a similar factor of 0.72, after compensation of reflection losses. Considering the uncertainty associated with the experimental procedure, the attenuation coefficient derived from the material data in [23] is assessed as describing reliably the pulse decay.
Pump pulse propagation velocity. The near-IR beam impulse propagates in the GaAs crystal with a velocity determined by the refractive index of the medium, i.e. c IR = c 0 /n IR , where c 0 is the free-space light velocity. In the source model described later in Sec. 2.3, this velocity of propagation defines the propagation of the numerical source terms. This is essential to accurately model the velocity mismatch between pump beam and generated terahertz beam.
Multiple Reflections. When the pump beam pulse reaches the GaAs crystal output surface, it is partly reflected back into the crystal. The first path through the crystal builds the main contribution to terahertz generation and results in a strong initial pulse, whereas reflections of the pump pulse create delayed secondary terahertz pulses. The initial pulse can be isolated from subsequent reflections in a time-gated system. Thin crystals however require considering multiple reflections. To this end, the pump pulse model can also be extended to include propagation after reflection from the output interface to air. In the test case considered, the calculation of the Fresnel reflection coefficient at normal incidence reveals that around R = 29% of the incident power is reflected from each GaAs-Air interface. The damped and reflected pulse in turn also contributes to optical rectification in its direction of propagation and creates delayed secondary pulses. Further contributions from multiple near-IR beam reflections can be similarly taken into account in the propagation model. The number of reflections is denoted in the following as m refl . Considering that the power is reduced by a substantial amount at each reflection, only two relevant scenarios are considered: firstly, a single pass of the IR beam through the crystal (m refl = 0), which creates the primary generated terahertz pulse that can be isolated in measurement through timegating. The second considered scenario involves two inner reflections (m refl = 2), i.e. three passes through the crystal, resulting in the emission of the primary terahertz pulse and one secondary terahertz pulse from the crystal output surface.
Distributed terahertz sources
The generation of terahertz radiation through optical rectification in GaAs crystal is a distributed process discretized in the volume as a number of layered sources. The on-axis and transversal formulation is presented in the following and depicted in Fig. 2 .
On-axis source discretization. The volume of a nonlinear crystal with a thickness of D = 500 m is divided into infinitesimally thin slices along the beam propagation axis, where each of the slices is a source of terahertz radiation. Each individual slice can then be approximated as a two-dimensional transverse aperture, as depicted in Fig. 2(a) . Each radiating aperture can be handled as shown in [21] , and the contributions from all the apertures, in time domain, can be superposed as described next.
Transverse source discretization. The generated terahertz field in each aperture can be expressed according to the equivalence principle [24] as distributed electric and magnetic current sources THz J and THz M . Those equivalent sources at time t and location r are related to the generated transverse components of the terahertz electric and magnetic fields (denoted as 
where n represents the unit vector in the direction of beam propagation. This notation represents a vector form of the Huygens' principle, which in the case of a Gaussian aperture takes the form of infinitesimal crossed-dipole sources made out of superposed equivalent electric and magnetic current elements, as described in [20] and depicted in Fig. 2(b) . To mimic the square law nonlinear rectification process [25] , the time-dependent magnitude of the generated terahertz fields is obtained through convolution of the instantaneous pump beam power density IR P with a linear transfer function ()
where ,THz r Z  is the intrinsic impedance of the crystal at terahertz frequency, * denotes the convolution, and as mentioned, IR ( , ) P t r is approximated as a propagating delta function. This impulse response can be also interpreted as analogy to a moving particle with a dipole moment [26, 27] . The linear relationship of Eq. (2) between pump power density and generated field amplitudes provides the crucial coupling link between the near-IR model and the full-wave terahertz simulation. The equivalent crossed-dipole source distribution Eq. (1) is then constructed on the basis of the propagating pump pulse as described in the following. Volumetric source. The volumetric nature of the source is re-created by superposing all contributions from the apertures, each 2D aperture representing a thin 3D crystal slice. In a time-domain solver, this is simply accomplished by introducing time-dependent electric and magnetic equivalent current sources at each discrete source location. The current source amplitudes are determined by the instantaneous pump pulse power density according to Eq.
(1) and Eq. (2). According to Fig. 1 , we consider a crystal with a thickness D, with the input surface located at the origin. The ultrashort near-IR pump pulse with Gaussian transverse profile propagates in the positive z direction, and its waist is located at the crystal input surface. Terahertz sources are then defined by considering M refl internal reflections of the pump beam within the crystal, which translates into M refl delayed source contributions denoted by index m refl = 1,…, M refl . Therefore, the magnitudes of the electric and magnetic current sources at time t and at location ( , , ) r
x y z  can be written as a sum 
The different terms and variables in the Eqs. (3)-(5) are explicitly described in the following:
(a) The first term defines the magnitude of the sources. It includes a proportionality factor optrect  that describes the efficiency of the nonlinear process, i.e. the direct link between the power of the near-IR pump beam and the terahertz source magnitude. In the present notation, the maximum power density in the centre of the beam at the waist is denoted as
. Under practical measurement settings, the terahertz signal after probing a sample is normalized using a baseline measurement, i.e. a reference signal without sample. This normalization approach allows canceling of this term (a), and is also used in the simulations presented in this paper.
(b) The second factor models the transient behavior of the broadband terahertz pulse, which basically describes the transfer function () Tt from the ultrashort IR pulse to the generated terahertz pulse. In the presented case, this time-dependence is chosen as a sine-modulated Gaussian pulse with bandwidth G 1/ , where G  is the temporal standard deviation of the generated pulse. The spectrum of the pulse is centered at the frequency c f and its standard deviation G  is selected to cover the 0.1-2.5 THz frequency band. It should be emphasized that the transient shape of this pulse may, but does not have to, correspond to the actual shape of the generated terahertz pulse. The fundamental requirement is that the simulated pulse bandwidth needs to cover the terahertz spectrum of interest, and so provides sufficient signal to (numerical) noise ratio for Fourier analysis. . It is emphasized that the attenuation term has to take into account the accumulated path p z inside the crystal, i.e. considering also the path after reflections.
(d) The reflections at the crystal inner surfaces after the first path of the pump pulse are taken into account using the Fresnel power reflection coefficient R, raised to a power equal to the number of reflections m refl . For the initial path of the incident pulse through the crystal, m refl equals to 0.
(e) The Gaussian transverse field distribution is described by the fifth factor, which is obtained based on the pump beam power profile with radius p () wz . Without a loss of generality, this radius is approximated as a constant p0 () w z w  in our example (Sec. 2.1). It is noted that the square law relationship introduces the factor of 2 in the exponent. (1) that the polarization is along the same direction as the equivalent electric currents. In the example shown later, a polarization T (1,0,0)   is selected.
(g) In Eq. (4), the first term describes the proportionality between the amplitudes of the magnetic and electric current sources. In the crossed-dipole model that excites the Gaussian aperture [28] , this proportionality is determined by the intrinsic impedance (h) The vector term in Eq. (4) defines the direction of the generated magnetic field in the transverse plane, and is therefore orthogonal to the polarization vector  (f). A + sign in front the vector indicates sources launching a wave propagating along the beam axis (towards + z, i.e. for the initial pulse and for the third pass), whereas thesign results in a generated wave launched in the opposite direction (towards -z, e.g. after first inner reflection). The retardation time D t given in Eq. (6) is composed of the reference time t and two additional terms contributing to retardation. The first retardation term ensures that the sinemodulated Gaussian pulse is launched with a negligible initial value in the whole computational domain at 0 t  . A value of this retardation term corresponding to 3 to 4 times G  is generally deemed as acceptable. The second retardation time is the spatial retardation, which describes the time that the pump near-IR pulse needs to travel from the crystal input surface at 0 z  to the source location after an accumulated path p z . This retardation time naturally introduces the propagation velocity of the pump beam within the crystal into the discretized terahertz sources.
Full-wave time-domain modeling of the terahertz beam
The distributed discrete sources introduced in the previous paragraph can be straightforwardly implemented in any time-domain full-wave simulation methods. This can be for example realized as excitation currents according to Eq. (3) and Eq. (4). According to Eq. (1), an equivalent and alternative excitation method consists of adding generated fields to the locally computed field, as soft sources. The particularity of the numerical simulation technique will decide on the specific implementation method.
The particular implementation presented in this paper is realized with an in-house code based on the FVTD method [18] , which is briefly described here for the sake of completeness. FVTD has been introduced in the early 1990's [29, 30] as a full-wave timedomain method implemented in unstructured meshes, e.g. in a tetrahedral mesh. This feature makes the method particularly well suited for conformal and multi-scale problems, considering that a tetrahedral discretization allows adapting locally the mesh density to the spatial resolution required by the geometry. To improve the efficiency of the simulation, the spatial mesh inhomogeneity can be combined with an inhomogeneity in temporal discretization realized as a local time stepping scheme [19] .
A schematic of the discretized problem (realized using Altair HyperMesh) is shown in Fig. 3 . The longitudinal distribution of sources along the beam path is introduced in the FVTD mesh as auxiliary source surfaces, each discretized with a triangular mesh. On each of these apertures, sources terms are implemented in the FVTD algorithm as extra fluxes, added to the standard FVTD fluxes originating from the solution of Maxwell's equations. The aperture radius (200 m) is much larger than the pump beam radius. For the distribution of sources along the 500 m thick crystal, 50 apertures with inter-plane distance of 10 m are selected ( Fig. 3(b) ). Simulation results are not critically dependent on this spacing, as long as it is chosen as a fraction of the shortest wavelength of interest, in the present case ,min /3   . Reduction of the computational domain volume is possible provided there are symmetries in the geometry of the pump beam and probed structures. In the present case, as shown in Fig. 3 , both electric and magnetic wall symmetries are used to reduce the problem size by a factor of four. A spherical outer surface with absorbing boundary condition (ABC) realized as quasiperfectly-matched absorber is used for nearly reflection-free domain truncation [31] .
The relative permittivity of GaAs at terahertz frequencies is taken as ,THz r   12.96 [23] . Dispersion is neglected in the present case because of the stability of the values in the range of interest, but dispersive materials could be handled as described in [32] . The relatively high value of permittivity requires the discretization inside the crystal to be very fine, as cell dimensions have to be a small fraction of the shortest dielectric wavelength of interest ,min   in the terahertz range. Therefore, a discretization of about 2 m ( ,min /16   ) is chosen in the present case in the crystal around the axis of the generated beam, as illustrated in Fig. 3(c) . Considering that the dielectric length of the crystal alone represents 15 ,min   , the problem becomes computationally expensive. To reduce the computational cost, the discretization is progressively increased to around 10 m for the free-space cells outside the crystal. Under such configuration, around 10 million tetrahedral cells that translate into 7 GB of computer memory (RAM) are required. To retrieve the spectral behavior of the terahertz pulse, the transformation of time-domain data to the frequency domain is obtained through a Discrete Fourier Transform performed on the fly during the FVTD time iteration [12] . The frequency-domain data is used for the modeling of the detection process, as described in the following.
Far-field detection
In the considered optical rectification system, the transmitted terahertz radiation after nearfield interaction is detected in the far-field region with a photoconductive antenna. Only a part of the diffracted radiation is collected by the first parabolic mirror of a standard far-field terahertz time-domain spectroscopy (TDS) detection setup and reaches the detector after being guided along an optical train.
In the present simulation, the whole far-field detection process is modeled as depicted in Fig. 4 . It starts by performing a near-field to far-field transformation [12] , using an infinite Huygens' plane located 100 m after the output crystal surface. This provides far-field radiation patterns describing the angular dependence of the radiated field amplitude and phase, for all frequencies of interest. Integrating the patterns coherently over the acceptance solid angle covered by the first parabolic mirror (or lens) yields the detected signal. Fig. 4 . Schematic of far-field detection process, (a) far-field radiation pattern and acceptance angle by the first parabolic mirror or lens, (b) example of far-field amplitude pattern at 2 THz for the case considered, and illustration of the acceptance angle inside which the detected signal is integrated.
Present model limitations and possible extensions
The distributed source approach provides a simple modeling technique for the simulation of nonlinear optical rectification. The main simplifying assumption in this implementation is that the effect of the generated terahertz beam on the pump beam is negligible. In other words, the generated beam model does not influence the pump beam model. The typical conversion efficiencies (< 10 4 ) in this type of systems [33] validates this assumption. In the following, some other present limitations are listed, with possible extensions aiming at increasing the sophistication of the physical description and refining accuracy of the approach.
Available data. The accuracy of a computer-generated solution is in principle fundamentally dependent on the numerical method accuracy. The numerical methods available for electromagnetic simulations are very mature and are thoroughly validated. So using best practices, the confidence in the accuracy of the solution for a standard problem is usually very high. However, another major aspect that influences the agreement of a numerical solution with experimental results is the reliability of the available geometry data and material characteristics. For problems in the terahertz range, the fabrication tolerances are often not negligible compared to the wavelength of operation and also the materials electromagnetic properties are not known precisely. Examples of uncertainties include the thickness of the crystal, which is only specified to a few microns accuracy, and the electromagnetic properties of the crystal. In this sense, some assumptions that are made in the presented simulations can be refined through better knowledge of the actual problem. As an example, the dispersion of GaAs properties is neglected in the simulations presented below, due to a greater material properties uncertainty compared to dispersive effects. An independent spectral measurement of these properties on the actual crystal sample could assist in refining the model.
Pump beam model. A near-IR ultrashort pulse model with Gaussian spatial distribution is assumed in the pump beam model, as it describes the beam accurately. There are, however, no inherent limitation to the generality of the source model that would preclude extension to other field distributions. For example, a propagating IR beam computed using a semianalytical model [34] could be employed to define the distributed sources.
Conversion efficiency. In the present simulations, the relative field distribution of the generated beam is obtained a priori. Prior knowledge in the conversion efficiency term optrect  is bypassed by normalizing a sample with a reference measurement. A physical conversion efficiency, obtained through an analytical model [35] , could be included in the model to extend the simulation towards absolute results.
Application in frequency-domain full-wave methods. Equations presented in Sec. 2.3 are tailored for the source definition in time-domain full-wave methods, as these are conceptually close to the pulse-based experimental procedure. It is, however, straightforward to adapt these equations for implementation in frequency-domain full-wave methods, by translating the time delay arising from the propagation of the pump pulse into a phase shift.
Application in commercial codes. Application of the presented source technique is applicable in commercial codes, provided the possibility of inputting custom-defined sources on multiple planes. As non-exhaustive examples, the implementation in CST Microwave Studio and SEMCAD X appears feasible within the framework of available source definitions. Specific implementations within those codes will be subject of further communications.
Pre-computation of source. For a particular system, the generated beam can be in principle pre-computed to yield a field distribution at the output surface (either in the time domain or in the frequency domain). This pre-computation of the source can be realized partly analytically or numerically and can provide aggregated information about the distributed process. This can potentially lower the computational cost significantly, especially for simulations of different samples with a given system.
Experimental Validation
Test setup with sub-wavelength apertures
Characterizing the generated terahertz beam in the near-field region is very challenging in an experimental setup, as a near-field probe can significantly affect the field distribution [36] . Therefore, an indirect method is chosen to probe the beam through a standard far-field detection procedure. For this purpose, the GaAs crystal output surface is metallized with a 100 nm gold layer. This thickness is sufficient to block all terahertz radiation, but can still be considered infinitesimal in simulation. Small square apertures are then etched into this metal layer [37, 38] , with three different sizes as shown in Fig. 5(a) . Such sub-wavelength aperture structures are currently within the scope of many investigations, especially in conjunction with extraordinary transmission phenomena [39] . In the simulation, a single discretized crystal model includes the geometry of the three squares on the crystal output surface, with the possibility to change the material property from metallic (approximated here as perfectly conducting layer) to a transparent GaAs-to-air material boundary, Fig. 5(b) . The three apertures are then evaluated in separate simulations. A rounding of the square aperture corners is included in the geometry, with a curvature radius of 7 m estimated from inspection of the fabricated samples.
In the measurements, the pump beam is focused onto the input crystal surface with a beam waist of 25 m and the generated terahertz field is measured with a photoconductive antenna in a far-field setup. System details can be found in [40] . As mentioned, only the radiated field collected by the first parabolic mirror (or lens) reaches the detector, Fig. 4(a) . The frequency dependence of the terahertz wave form is obtained through Fourier transform of the measured pulse, using standard TDS techniques with appropriate time-gating to either include or suppress the secondary (reflected) pulses. The measurements performed on the GaAs with square apertures are normalized to a reference measurement obtained from a bare GaAs crystal (i.e. without metallization). As described in Sec. 2, simulation of the system takes into account all relevant experimental aspects, from the pump beam to the far-field detection and normalization process. It should be emphasized that simulations using plane waves, as commonly available in commercial codes and applied for this type of problems, would not provide the information needed for normalization. 
Time-domain results
A representation of the simulated time evolution of the generated terahertz pulse is given in Fig. 6 , for the near-IR pulse with Gaussian distribution and waist w 0 = 25 m. The first three snapshots starting from the left-hand side in Fig. 6(a) show the terahertz pulse propagating in the crystal, being amplified by the distributed sources along the pump beam path, while being subject to diffraction effects arising from the sub-wavelength transverse dimensions of the source distribution. The snapshot at 5.88 ps shows the terahertz pulse reaching the crystal output surface. The last snapshot shows the primary radiated pulse, as well as the part of the pulse reflected in the crystal, travelling in opposite directions.
From the field distributions in Fig. 6 (a) and the online movie, the Čherenkov cone of the radiating terahertz wave can clearly be observed. The effect is ascribed to the difference in the phase velocity of terahertz radiation and the group velocity of the optical pulse. This phenomenon, illustrated by the proposed discrete model, is qualitatively agreeable with the theoretical prediction [26, 27] and experimental observation [41] . Further investigation, as shown in the snapshot of the pulse in Fig. 6(b) , shows that the angle C 
The simulated time-domain shape of the generated terahertz radiation at a distance of 400 m in front of the crystal is shown in Fig. 6(c) . It is noted that a direct comparison of the time-domain results for the simulated and measured pulses is not possible, as simulated timedomain data are only available in the near field, whereas measured time-domain data are detected in the far field. A time-domain near-field to far-field transformation, as described in the Sec. 8.6 of [12] , could be in principle implemented in the simulations to resolve the radiated pulse shape for any selected direction in the far field. However, as mentioned in Sec. 2.3, term (b), it should be noted that, for frequency-domain analysis, the pulse shape and spectrum do not need to be identical in simulation and measurements. The shape of the curve in Fig. 6(c) illustrates the generated initial terahertz pulse as well as the first secondary delayed pulse. 
Frequency-domain results
The frequency-domain results are obtained after Fourier transformation of the measured pulses. They describe the combined spectral behavior arising from the source and from the transmission through the aperture. These spectral results are therefore representative of the typical operation of a terahertz TDS system in transmission mode. The experimental system for far-field detection is modeled in the simulation as described in Sec. 2.5. In both experiment and simulation, the signal from a terahertz pulse generated from a bare GaAs crystal is first measured to provide a reference spectrum. Subsequently, the outputs from the metallized GaAs crystal with various square apertures can be normalized to this reference spectrum. The normalized results for the three apertures with edge lengths of 25, 50 and 75 m are compared in Fig. 7 .
In Fig. 7(a) , the Fourier-transformed results are shown for a time gating of ~12 ps, see Fig. 6(c) , so that only the initial pulse is included in the Fourier transform. A satisfying agreement is observed between the measured data and the simulated results. Discrepancies can be observed at low and high frequencies:
• At low frequencies, increase in measured transmission below 0.1-0.3 THz is explained by the low-frequency breakdown, which causes the measured signal to decrease below the system noise dynamic range [42] . This breakdown happens at a higher frequency for lower signals, i.e. for the smaller apertures. Eventually all measured curves converge to a value of 1 at dc, indicating that both the stronger reference and the aperture signals have reached the noise floor.
• At high frequencies, the measured curves exhibit a lower relative transmission compared to the simulation. There are two reasons for this discrepancy: firstly in simulation, the results above 2 GHz become sensitive to the value of the GaAs permittivity (taken here from [23] ). Secondly, the measurements are very sensitive to alignment, as discussed later in this section. An interesting feature of the simulated curves is that the normalized curves can become larger than unity. This can be understood physically by the fact that only a part of the angular radiation pattern is integrated for detection ( Fig. 4(b) ). Especially at higher frequencies, the aperture can block out-of-phase contributions which would destructively interfere with broadside radiation. This can increase the normalized received field magnitude past 1.0. The comparison between the measurements and simulations is shown in Fig. 7(b) for the case where the time-gating is extended to include the secondary pulse (~24 ps). The oscillations of the signal arising from interferences of the primary and secondary pulses are reproduced qualitatively in the simulations. There is a discrepancy in the amplitude of these oscillations, but our experience indicates that these oscillations are very sensitive to alignment during measurement. Figure 8 compares the simulated results for the 75 m aperture to those obtained in two independent measurements. Figure 8(a) shows the same results as the black curve in Fig. 7(b) , whereas Fig. 8(b) shows the same results obtained with a different alignment. Figure 8(b) shows an almost perfect match qualitatively and quantitatively, both in terms of oscillations and general behavior of the curve. It is noticed that this confirms experimentally the possibility of measuring values larger than unity above 2 THz. The synchronicity of the oscillations is not conserved between 0.5 and 1.0 THz, which is attributed to the fact that the simulation neglects dispersion of the permittivity of the GaAs in the terahertz range. For consistency, the set of measurements corresponding to Fig. 8(a) is chosen as primary set for this paper, as it is complete.
As a further validation, the focus point of the pump beam is displaced from the input surface. To this end, the crystal is moved away from the source by a distance calculated to increase the beam radius on the input surface to 50 m. The comparison of simulations and measurements in this case is shown in Fig. 9 , and shows a satisfying agreement for both cases of time gating considered. Fig. 8 . Normalized transmission E-field spectrum in two independent measurements, compared to the simulation. The curves (a) correspond to the top curves of Fig. 7(b) . 
Application to optical rectification system design
The knowledge gained from the full-wave simulation of optical generation system can be very helpful for supporting the design and analysis of an optical rectification system, by providing information on the field behavior within the crystal and in the immediate near-field region. It is not possible to attain such information from conventional simulation models where only a point source or plane wave excitation is available. Figure 10 (a) illustrates the growth of the terahertz field in the crystal for two selected frequencies. It can be immediately inferred from the field distribution that at some distance in the crystal, the field reaches saturation, suggesting the upper bound of the crystal thickness. The time-resolved terahertz field pattern inside the crystal might suggest optimal approaches to coupling the beam into free space.
The proposed model also provides data about the frequency-dependent divergence of the beam away from the surface of the crystal. As an example, the field amplitude at different distances from the crystal output surface is shown in Fig. 10(b) at a selected frequency. Lefthand side plots illustrate the rapid widening of the beam with increasing distance due to diffraction. This particular information on field distribution assists in effective manipulation of the generated beam in the near field. It can help in designing optical components to collect and direct the terahertz power to the target. The right-hand side pictures show for comparison the same beam after transmission through the 25 m aperture. A field enhancement localized to the immediate vicinity of the aperture is clearly observed. It is possible to model other sophisticated structures, such as metamaterials or plasmonic hole arrays, and predict their responses due to the non-uniform Gaussian beam excitation. In fact, the technique has already been successfully applied to the prediction of frequency-dependent beam size in the design of a metamaterial-based thin-film sensor excited by a near-field source [43] . Fig. 10 . Illustrative results from the source simulations. (a) Amplitude growth in the crystal. In those graphs, the velocity mismatch between pump and terahertz radiation is the same as in the previous validation example. The standing wave pattern is due to reflections. (b) Field amplitude at 2 THz for different distances (0.5, 25 and 50 m) from the output surface. There is a localized field enhancement in the small aperture, and therefore, the scale for the top right plot is capped to about 1/3 of the achieved value.
Conclusion
This paper has demonstrated a three-dimensional source technique for full-wave simulation of terahertz radiation generated through optical rectification in a nonlinear crystal. The approach has been described in detail and demonstrated in a particular implementation. This work is based on the Hugyens' principle and the superposition principle, and therefore it is general enough for straightforward implementation in other numerical techniques. Experimental validation through TDS terahertz measurement of sub-wavelength apertures with various sizes has demonstrated the suitability of the technique. An important feature of this model is that it allows predictive modeling of the frequency-dependent field distribution for the generated terahertz radiation, based on knowledge of the geometry and materials of the system. Beyond the particular case of optical rectification, the same principle can be refined and also extended to other nonlinear processes such as DFG. It is anticipated that similar approaches, integrated into commercial full-wave simulation codes, can become very helpful in the design of near-field terahertz system based on nonlinear crystal generation.
